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Singular solutions, repeated roots and completeness
for higher-spin chains
Wenrui Hao 1, Rafael I. Nepomechie 2 and Andrew J. Sommese 3
Abstract
We investigate the completeness of the solutions of the Bethe equations for the inte-
grable spin-s isotropic (XXX) spin chain with periodic boundary conditions. Solutions
containing the exact string is, i(s − 1), . . . ,−i(s − 1),−is are singular. For s > 1/2,
there exist also “strange” solutions with repeated roots, which nevertheless are phys-
ical (i.e., correspond to eigenstates of the Hamiltonian). We derive conditions for the
singular solutions and the solutions with repeated roots to be physical. We formulate
a conjecture for the number of solutions with pairwise distinct roots in terms of the
numbers of singular and strange solutions. Using homotopy continuation, we solve the
Bethe equations numerically for s = 1 and s = 3/2 up to 8 sites, and find some support
for the conjecture. We also exhibit several examples of strange solutions.
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1 Introduction
The spin-1/2 isotropic Heisenberg quantum spin chain, which is well known to be integrable
and therefore solvable by Bethe ansatz (see e.g. [1]), has an integrable spin-s generalization
(s = 1/2, 1, 3/2, . . .) [2, 3, 4, 5, 6]. Since there is a spin-s spin at each of the N sites, the
Hilbert space is (C2s+1)⊗N . The Hamiltonian is given (up to an additive constant) by [1, 6]
Hs =
N∑
n=1
Q2s(~sn · ~sn+1) , ~sN+1 ≡ ~s1 , (1.1)
where ~s are the spin-s generators of su(2), ~sn denotes the spin operators at site n, Q2s(x) is
a polynomial of degree 2s given by
Q2s(x) =
2s∑
j=1
h(j)
2s∏
l 6=j
l=0
x− xl
xj − xl
, xl =
1
2
l(l + 1)− s(s+ 1) , (1.2)
and h(j) is the jth harmonic number,
h(j) =
j∑
k=1
1
k
. (1.3)
For example, for s = 1, Q1(x) =
1
4
(x−x2)+ 3
2
. The eigenvalues of the Hamiltonian (1.1) are
given by [1, 5, 6]
Es = −
M∑
k=1
s
λ2k + s
2
, (1.4)
where {λ1 , . . . , λM} satisfy the spin-s Bethe equations
(λk + is)
N
M∏
j 6=k
j=1
(λk − λj − i) = (λk − is)
N
M∏
j 6=k
j=1
(λk − λj + i) ,
k = 1 , 2 , . . . ,M , M = 0 , 1 , . . . , sN . (1.5)
The corresponding Bethe states are given by
|λ1 , . . . , λM〉 =
M∏
j=1
B(λj)|0〉 , |0〉 =


1
0
...
0


⊗N
, (1.6)
where the creation operator B(λ) is defined in Appendix A, and |0〉 is the reference state
with all spins “up” (eigenstates of sz with eigenvalue s). These states are eigenvectors of the
Hamiltonian (1.1) with eigenvalue (1.4) as well as su(2) highest-weight states
S+|λ1 , . . . , λM〉 = 0 , S
± = Sx ± iSy , ~S =
N∑
n=1
~sn , (1.7)
1
and are therefore eigenstates of ~S2 and Sz with corresponding eigenvalues S(S + 1) and m
(respectively) with
S = m = sN −M . (1.8)
The states with lower values of m can be obtained by acting on the Bethe states (1.6) with
the spin lowering operator S−.
For s > 1/2, the models (1.1) are perhaps not realizable experimentally. Nevertheless,
these models have interesting connections to the level k = 2s Wess-Zumino-Witten model
and RSOS models (see e.g. [1, 7, 8] and references therein).
A still-unanswered question is whether the Bethe ansatz solution is “complete”; i.e.,
whether the Bethe equations (1.5) have the correct number of solutions to account for all
(2s+ 1)N eigenstates of the Hamiltonian.
For the s = 1/2 chain, this problem was already discussed by Bethe in his original paper
[9], and was subsequently further investigated by others (see e.g. [1, 10, 11, 12, 13, 14, 15,
16]). Part of the difficulty of this problem is due to the existence of so-called singular (or
exceptional) solutions of the Bethe equations, i.e. solutions that contain ±i/2, and which do
not necessarily correspond to eigenstates of the Hamiltonian (see e.g. [17, 18, 19, 20, 21, 22,
23, 24, 25]). Another difficulty is that the possibility of repeated Bethe roots has not been
ruled out.
We recently formulated, for this s = 1/2 case, a precise conjecture [26] for the number
of solutions of the Bethe equations with pairwise distinct roots, in terms of numbers of
singular solutions. Using homotopy continuation methods (see e.g. [27, 28] and references
therein), we solved the Bethe equations numerically for values of N up to 14, and found
perfect agreement with this conjecture. Its meaning is that the Bethe equations generally
have too many solutions with pairwise distinct roots; but after discarding the unphysical
singular solutions, there remain exactly the right number of solutions to account for all 2N
eigenstates of the Hamiltonian.
Our goal in the present work is to extend our s = 1/2 results [26] to arbitrary values of s.
We find that the notion of singular solution neatly generalizes to the spin-s case: a solution
is singular if it contains an exact string of length 2s+ 1 centered at the origin, i.e.
{is , i(s− 1) , . . . ,−i(s− 1) ,−is} . (1.9)
However, in contrast with the s = 1/2 case, we find that for s > 1/2 there also exist “strange”
solutions: solutions of the Bethe equations that have repeated roots, which nevertheless
produce eigenstates of the Hamiltonian. Consequently, checking completeness is significantly
more complicated.
The outline of this paper is as follows. In Section 2 we formulate a conjecture for the
number of solutions of the Bethe equations (1.5) with pairwise distinct roots in terms of the
numbers of singular and strange solutions. In Section 3 we present some numerical support
for this conjecture for the cases s = 1 and s = 3/2. We also exhibit several examples
of strange solutions. Our analysis relies on important conditions for singular and strange
solutions to be physical, the derivations of which are presented in Appendices A and B,
respectively. A brief discussion of our results is given in Section 4.
2
2 The completeness conjecture
As in the s = 1/2 case [26], we denote by N (N,M) the number of solutions of the Bethe
equations (1.5) for given values of N and M with pairwise distinct roots (i.e., λj 6= λk for
j 6= k). We always count solutions up to permutations of the roots: if {λ1 , . . . , λM} is a
solution, then any permutation of these λk’s is not counted as a separate solution.
A naive conjecture for N (N,M) can be obtained on the basis of the Clebsch-Gordan
theorem. Indeed, the N -fold tensor product of spin-s representations decomposes into a
direct sum of (irreducible) spin-S representations,
s⊗ · · · ⊗ s︸ ︷︷ ︸
N
=
sN⊕
S=Smin
n(N, S)S , (2.1)
where Smin = 0 if sN is an integer, and Smin =
1
2
if sN is a half-odd integer. The multiplicity
of the spin-S representation, which we denote by n(N, S), is computed in the Appendix of
[29] 1
n(N, S) = b(N, S)− b(N, S + 1) , (2.2)
where
b(N, r) =
N∑
k=0
′
(−1)k
(
N
k
)(
(s+ 1)N + r − (2s+ 1)k − 1
sN + r − (2s+ 1)k
)
, (2.3)
and the sum is restricted so that sN + r − (2s + 1)k ≥ 0. In view of (2.1), it is necessary
that
sN∑
S=Smin
(2S + 1)n(N, S) = (2s+ 1)N . (2.4)
SinceM = sN−S (1.8) and the values of S range from Smin to sN , it follows that the values
of M range from 0 to [sN ], as anticipated in (1.5). If we naively assume that every solution
of the Bethe equations with pairwise distinct roots produces, via (1.6), an su(2) highest-
weight eigenstate of the Hamiltonian, then the number of solutions of the Bethe equations
1This result is derived using an expression for Cm(n, k) defined by [30]
(1 + x+ x2 + · · ·+ xm−1)n =
(m−1)n∑
k=0
Cm(n, k)x
k .
However, there is a misprint in Eq. (3) of [30]; the correct result is
Cm(n, k) =
n∑
j=0
′
(−1)j
(
n
j
)(
n− 1 + k −mj
k −mj
)
,
where the sum is restricted so that k −mj ≥ 0. An alternative expression for the multiplicities is given by
Lemma 6 in [11].
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with M pairwise distinct roots should be given by the multiplicity of representations with
spin S = sN −M . That is,
N (N,M)
?
= n(N, sN −M) . (2.5)
A proof of (2.5) (based on the string hypothesis [1, 9, 10], which requires N → ∞) was
proposed in [11]. Related arguments were given in [5, 6].
This naive conjecture is wrong for two reasons. First, as discussed in detail in Appendix
A, there exist unphysical singular solutions with pairwise distinct roots, which do not produce
eigenstates of the Hamiltonian. Second, as discussed in Appendix B, there exist “strange”
solutions with repeated roots, which do produce eigenstates of the Hamiltonian. Correcting
for these two effects, we arrive at the following conjecture:
N (N,M)−Ns(N,M) +Nsp(N,M) +Nstrange(N,M) = n(N, sN −M) , (2.6)
whereNs(N,M) is the number of solutions of the Bethe equations (1.5) with pairwise distinct
roots that are singular (i.e., that contain (1.9)); andNsp(N,M) is the number of such singular
solutions that satisfy (A.19)[
(−1)2s
M∏
k=2s+2
(
λk + is
λk − is
)]N
= 1 , (2.7)
and hence are physical. (As explained in Appendix A, singular solutions require regulariza-
tion; and the requirement that the corresponding Bethe states be eigenstates of the Hamil-
tonian leads to generalized Bethe equations, which in turn lead to the constraint (2.7). This
constraint reduces for s = 1/2 to the one recently found in [25].) Note that Ns −Nsp is the
number of unphysical singular solutions. Finally, Nstrange(N,M) is the number of strange
solutions, whose roots are not pairwise distinct but which nevertheless produce eigenstates
of the Hamiltonian.
In principle, there are many possible types of solutions with repeated roots; and each
type should have its own physicality condition. Therefore, in practice, it is difficult to know
if one has found all the strange solutions. This, in turn, makes the conjecture (2.6) difficult
to check. However, since Nstrange(N,M) ≥ 0, this conjecture implies the inequality
N (N,M)−Ns(N,M) +Nsp(N,M) ≤ n(N, sN −M) , (2.8)
which is much easier to check. Its physical meaning is that the Bethe equations (1.5) generally
have too many solutions with pairwise distinct roots; but after discarding the unphysical
singular solutions, there may not remain sufficiently many solutions with pairwise distinct
roots to account for all (2s + 1)N eigenstates of the Hamiltonian (1.1). The equality (2.6)
further asserts that any such deficit is made up by certain solutions with repeated roots.
3 Numerical results
Using homotopy continuation with Bertini [28] (see [26] and references therein for further
details), we have solved the Bethe equations (1.5) numerically for s = 1 and s = 3/2 with
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N = 2, 3, . . . , 8. The results are presented in a set of supplemental tables [31], and are
summarized below.
3.1 The case s = 1
The results for s = 1 are summarized in Table 1. For each set of values (N,M), we report a
set of five integers:
(N ,Ns ,Nsp ,Nstrange ;N −Ns +Nsp +Nstrange) ,
where N is the number of solutions of the Bethe equations with pairwise distinct roots; Ns
is the number of singular solutions (i.e., that contain ±i, 0) with pairwise distinct roots; Nsp
is the number of such singular solutions that are physical (i.e., that satisfy (2.7) with s = 1);
and Nstrange is the number of solutions with repeated roots that are physical. The quantities
N −Ns +Nsp +Nstrange in all the entries of Table 1 coincide with n(N,N −M), in perfect
agreement with the conjecture (2.6).
N
M
1 2 3 4 5 6 7 8
2 (1,0,0,0; 1) (1,0,0,0; 1)
3 (2,0,0,0; 2) (3,0,0,0; 3) (1,1,1,0; 1)
4 (3,0,0,0; 3) (6,0,0,0; 6) (6,1,1,0; 6) (4,2,0,1; 3)
5 (4,0,0,0; 4) (10,0,0,0; 10) (15,1,1,0; 15) (19,4,0,0; 15) (14,10,2,0; 6)
6 (5,0,0,0; 5) (15,0,0,0; 15) (29,1,1,0; 29) (43,4,0,1; 40) (48,15,3,0; 36) (41,28,0,2; 15)
7 (6,0,0,0; 6) (21,0,0,0; 21) (49,1,1,0; 49) (90,6,0,0; 84) (123,21,3,0; 105) (141,50,0,0; 91) (120,90,6,0; 36)
8 (7,0,0,0; 7) (28,0,0,0; 28) (76,1,1,0; 76) (159,6,0,1; 154) (262,28,4,0; 238) (351,74,0,3; 280) (384,161,9,0; 232) (345,260,0,6; 91)
Table 1: The values (N ,Ns ,Nsp ,Nstrange ;N −Ns +Nsp + Nstrange) for s = 1 and given values
of N and M .
We observe that, up to N = 8, all the strange solutions contain ±i , 0 , 0; and the remain-
ing M − 4 roots satisfy (B.16)
M∏
j=5
(
λj + 2i
λj − 2i
)
= (−1)N , (3.1)
which is a condition for singular solutions of this particular type to be physical. These
solutions are listed in Table 2.2 It remains an open question whether there exist additional
types of strange solutions for s = 1 and N > 8.
3.2 The case s = 3/2
The results for s = 3/2 are summarized in Tables 3 and 4. Here the singular solutions
contain ±3i/2 ,±i/2; and the physical singular solutions satisfy (2.7) with s = 3/2. Up to
N = 7, the quantities N −Ns+Nsp+Nstrange in all the entries of these tables coincide with
n(N, 3N
2
−M), in agreement with the conjecture (2.6).
2In [17], the solution for N = M = 4 was found (see Eqs. (40), (41)), and the corresponding Bethe
vector was asserted to be the first and (at that time) only example with equal roots. The two solutions for
N = M = 6 were also noted in [17] (see Eq. (20)), but were derived using the erroneous Eq. (19). See also
footnote 4.
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N M λ1, . . . , λM
4 4 ±i , 0 , 0
6 4 ±i , 0 , 0
6 6 ±i , 0 , 0 , ±0.474498i
6 6 ±i , 0 , 0 , ±2.10749i
8 4 ±i , 0 , 0
8 6 ±i , 0 , 0 , ±0.497637i
8 6 ±i , 0 , 0 , ±2.0095i
8 6 ±i , 0 , 0 , ±1
8 8 ±i , 0 , 0 , ±0.833228 , ±2.06462i
8 8 ±i , 0 , 0 , ±2.00281i , ±3.53743i
8 8 ±i , 0 , 0 , ±0.500018i , ±1.49494i
8 8 ±i , 0 , 0 , 0.15263± 0.474611i , −0.15263± 0.474611i
8 8 ±i , 0 , 0 , 0.594869± 0.532284i , −0.594869± 0.532284i
8 8 ±i , 0 , 0 , ±0.498746i , ±2.13944i
Table 2: Strange solutions for s = 1 up to N = 8.
Our results for N = 8 and M = 6, 8, 10, 12 are inconclusive. In order to have agreement
with the conjecture (2.6), a small number of strange solutions (as indicated by the entries
marked with “?” in Tables 3 and 4) should exist for those cases. Unfortunately, we have
not managed to identify those solutions. We speculate that those missing solutions are
strange singular solutions of a new type, containing both an exact 4-string (±3i/2 ,±i/2)
and an exact 2-string (±i/2). However, as discussed in Section B.2.2, we have not been
able to derive the consistency condition(s) for such solutions (i.e., the conditions for the
corresponding Bethe states to be eigenstates of the Hamiltonian). Hence, we can neither
confirm nor contradict the conjecture for N = 8 and M = 6, 8, 10, 12. The inequality (2.8)
is nevertheless satisfied for these cases.
N
M
1 2 3 4 5 6
2 (1,0,0,0; 1) (1,0,0,0; 1) (1,0,0,0; 1)
3 (2,0,0,0; 2) (2,0,0,1; 3) (4,0,0,0; 4) (3,1,0,0; 2)
4 (3,0,0,0; 3) (6,0,0,0; 6) (10,0,0,0; 10) (11,1,1,0; 11) (11,3,1,0; 9) (8,6,2,0;4)
5 (4,0,0,0; 4) (10,0,0,0; 10) (20,0,0,0; 20) (31,1,0,0; 30) (40,4,0,0; 36) (44,10,0,0; 34)
6 (5,0,0,0; 5) (13,0,0,2; 15) (35,0,0,0; 35) (64,1,1,0; 64) (100,5,1,0; 96) (132,15,3,0; 120)
7 (6,0,0,0; 6) (21,0,0,0; 21) (56,0,0,0; 56) (120,1,0,0; 119) (216,6,0,0; 210) (336,21,0,0; 315)
8 (7,0,0,0; 7) (28,0,0,0; 28) (84,0,0,0; 84) (202,1,1,0; 202) (412,7,1,0; 406) (723,28,4,0 [1?]; 699)
Table 3: The values (N ,Ns ,Nsp ,Nstrange ;N −Ns+Nsp+Nstrange) for s = 3/2 and given values
of N and M (part 1).
N
M
7 8 9 10 11 12
2
3
4
5 (40,20,0,0; 20)
6 (152,35,3,0; 120) (150,65,5,0; 90) (130,101,5,0; 34)
7 (456,56,0,0; 400) (545,119,0,0; 426) (580,216,0,0; 364) (543,333,0,0; 210)
8 (1124,84,4,0; 1044) (1544,203,9,0 [1?]; 1350) (1909,413,9,0; 1505) (2107,728,16,0 [5?]; 1395) (2112,1128,16,0; 1000) (1893,1554,22,0 [3?]; 361)
Table 4: The values (N ,Ns ,Nsp ,Nstrange ;N −Ns+Nsp+Nstrange) for s = 3/2 and given values
of N and M (part 2).
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We have found strange solutions for N = 3, 6 with M = 2, which are listed in Table 5.
These solutions are not singular, and therefore obey the consistency conditions for strange
non-singular solutions discussed in Sec. B.1, namely (B.11) with k = 2. For the M = 2 case
considered here, these equations reduce to(
µ− is
µ+ is
)N
= −1 ,
∂
∂µ
(
µ− is
µ+ is
)N
= −4i . (3.2)
The solution {0 , 0} for s = 3/2 , N = 3 is particularly noteworthy, as it is surely the simplest
physical solution of the Bethe equations with repeated roots.
N M λ1, . . . , λM
3 2 0 , 0
6 2 1.5 , 1.5
6 2 -1.5 , -1.5
Table 5: Strange solutions for s = 3/2 up to N = 7.
4 Discussion
Previous studies [5, 6, 11] of the completeness of the solutions of the spin-s Bethe equations
(1.5) have relied on the string hypothesis [1, 9, 10], which requires N →∞ and whose status
remains unclear (see below).
We have initiated here instead an ab initio investigation of the completeness problem.
To this end, we have formulated a conjecture (2.6) for the number of solutions with pairwise
distinct roots in terms of the numbers of singular and strange solutions. We have tested
this conjecture for small values of s and N . For s = 1, there is perfect agreement with
the conjecture up to N = 8 (i.e., as far as we have checked). For s = 3/2, there is perfect
agreement with the conjecture up to N = 7. However, for N = 8 and M = 6, 8, 10, 12,
our results are inconclusive. We expect that the conjecture will continue to hold for these
cases, and that the observed discrepancies will be resolved by the existence of a new type
of strange singular solution, which remains to be confirmed. The problem of dealing with
new types of strange solutions will likely grow for larger values of s and N . However, one
can hope that a pattern for the types of strange solutions (for given values of s and N) will
eventually emerge.
We have exhibited some strange solutions in Tables 2 and 5. Especially notable is the
solution {0 , 0} for s = 3/2 , N = 3, which is probably the simplest example of a solution
with equal roots that corresponds to an eigenstate of the Hamiltonian.
Several patterns can be discerned from Tables 1, 3, 4, similarly to the s = 1/2 case [26].
In particular, forM ∼ sN and most values of N , the number of unphysical singular solutions
Ns − Nsp is comparable to n(N, sN −M). This suggests that the naive formula (2.5) for
the number of solutions of the Bethe equations is incorrect not only for small values of N ,
but also for N →∞. This calls into question the proofs of (2.5). The related question [26]
7
of how singular solutions fit within the string hypothesis also remains to be clarified. It is
tempting to speculate that the number of strange solutions in the spin-0 sector (M = sN)
grows sufficiently fast in the thermodynamic limit to account for the still-mysterious RSOS
structure [8] of the antiferromagnetic ground state.
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A Singular solutions
We recall that the spin-s Bethe equations (1.5) admit solutions containing
{is , i(s− 1) , . . . ,−i(s− 1) ,−is} , (A.1)
which is a so-called exact string of length 2s + 1 centered at the origin. Since both the
corresponding energy (1.4) and (with our normalization of the R-matrix, see (A.2) below)
the corresponding Bethe state (1.6) are singular, we call such solutions “singular”. It is
always possible to regularize such solutions in a way that the corresponding energies and
Bethe states are finite in the limit that the regulator is removed. However, the states obtained
in this way are not guaranteed to be eigenstates of the Hamiltonian. We term “physical”
a singular solution that leads in this way to an eigenstate of the Hamiltonian; otherwise,
we term the singular solution “unphysical”. Generally, only a small fraction of the singular
solutions are physical.
We derive in this section a simple criterion for identifying the physical singular solutions.
We proceed by generalizing the s = 1/2 analysis in [25] to general values of s.
We use the standard (1
2
, s) solution of the Yang-Baxter equation (see e.g. [6])
R(
1
2
,s)(λ) =
1
λ+ is
(
λ+ i~σ⊗˙~s
)
, (A.2)
except with an unusual normalization, such that the R-matrix is singular at λ = −is. As
in the Hamiltonian (1.1), ~s are the spin-s generators of su(2); and ~σ are the standard Pauli
matrices. The monodromy matrix is given by
Ta(λ) = R
( 1
2
,s)
aN (λ) · · ·R
( 1
2
,s)
a1 (λ) =
(
A(λ) B(λ)
C(λ) D(λ)
)
, (A.3)
and the transfer matrix is given by
t(λ) = tra Ta(λ) = A(λ) +D(λ) . (A.4)
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Its action on an off-shell Bethe vector (1.6) is given by [1]
t(λ)|λ1 , . . . , λM〉 = Λ(λ, {λ})|λ1 , . . . , λM〉+
M∑
k=1
Fk(λ, {λ}) |vk(λ, {λ})〉 , (A.5)
where
|vk(λ, {λ})〉 ≡ B(λ)
M∏
j 6=k
j=1
B(λj)|0〉 , (A.6)
and
Λ(λ, {λ}) =
M∏
j=1
λ− λj − i
λ− λj
+
(
λ− is
λ+ is
)N M∏
j=1
λ− λj + i
λ− λj
, (A.7)
Fk(λ, {λ}) =
i
λ− λk
[
M∏
j 6=k
λk − λj − i
λk − λj
−
(
λk − is
λk + is
)N M∏
j 6=k
λk − λj + i
λk − λj
]
. (A.8)
If the set {λ1 , . . . , λM} is not singular (i.e., it does not contain the subset (A.1)), then
the conditions
Fk(λ, {λ}) = 0 , k = 1 , . . . ,M , (A.9)
imply that the “unwanted” terms in (A.5) drop out; and hence the vector |λ1 , . . . , λM〉 is
an eigenvector of the transfer matrix, with eigenvalue (A.7). Eqs. (A.9) are equivalent to
the Bethe equations (1.5).
We henceforth consider a solution {λ1 , . . . , λM} (where M ≥ 2s+ 1) of the Bethe equa-
tions (1.5) that is singular, i.e. it does contain the subset (A.1). For definiteness, we order
the roots such that the first 2s+ 1 roots are given by (A.1), respectively; that is,
λj = i(s + 1− j) , j = 1 , . . . , 2s+ 1 . (A.10)
We furthermore assume that there are no repeated roots. (Cases with repeated roots are
considered in Section B.2.) That is, the remaining roots λ2s+2 , . . . , λM are distinct and are
not equal to is , i(s− 1) , . . . ,−i(s− 1) ,−is. We regularize this solution as follows
λj = i(s+ 1− j) + ǫ+ cjǫ
N , j = 1 , . . . , 2s+ 1 , (A.11)
where ǫ is the regulator, and c1 , . . . , c2s+1 are constants (independent of ǫ) that are still to
be determined. The key observation is that, due to our normalization of the R-matrix (A.2),
B(λ2s+1) is singular
B(λ2s+1) ∼
1
ǫN
; B(λk) ∼ 1 , k = 1, . . . , 2s , (A.12)
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as ǫ→ 0. Hence, in view of (A.5), the vector |λ1 , . . . , λM〉 is an eigenvector of the transfer
matrix if 3
Fk(λ, {λ}) ∼ ǫ
N+1 , k = 1, . . . , 2s ; F2s+1(λ, {λ}) ∼ ǫ (A.13)
as ǫ→ 0, together with
Fk(λ, {λ}) = 0 , k = 2s+ 2 , . . . ,M . (A.14)
We call (A.13) generalized Bethe equations, since they are evidently generalizations of (A.9).
Evaluating Fk(λ, {λ}) using (A.8) and (A.11), the generalized Bethe equations (A.13)
imply
c1 − c2 =
(2s+ 1)
(2is)N−1
M∏
j=2s+2
λj − i(s+ 1)
λj − i(s− 1)
,
ck − ck+1 = −(ck−1 − ck)
(
1− k
2s+ 1− k
)N−1(
2s+ 2− k
k
) M∏
j=2s+2
λj − i(s + 2− k)
λj − i(s− k)
,
k = 2 , . . . , 2s ,
c2s − c2s+1 = −
(2s+ 1)
(−2is)N−1
M∏
j=2s+2
λj + i(s + 1)
λj + i(s− 1)
. (A.15)
Forming the product of the first 2s equations in (A.15), we obtain an expression for c2s−c2s+1,
which is consistent with the final equation in (A.15) provided that
M∏
j=2s+2
(
λj − is
λj + is
)(
λj − i(s+ 1)
λj + i(s+ 1)
)
= (−1)2sN . (A.16)
The remaining roots λ2s+2 , . . . , λM do not need regularization. They obey the usual
Bethe equations (A.14), which imply(
λk + is
λk − is
)N−1(
λk − i(s+ 1)
λk + i(s+ 1)
)
=
M∏
j 6=k
j=2s+2
λk − λj + i
λk − λj − i
, k = 2s+ 2 , . . . ,M . (A.17)
Forming the product of these equations, we obtain
M∏
k=2s+2
(
λk + is
λk − is
)N−1(
λk − i(s+ 1)
λk + i(s+ 1)
)
= 1 . (A.18)
Combining the results (A.16) and (A.18), we arrive at the constraint[
(−1)2s
M∏
k=2s+2
(
λk + is
λk − is
)]N
= 1 . (A.19)
This is the condition for the singular solution (A.10) with all roots distinct to be physical.
For the case s = 1/2, this equation reduces to the one found in [25].
3The vector limǫ→0
∏2s+1
k=1 B(λk)|0〉 is finite, as shown for the case s = 1/2 in [25].
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B Strange solutions
The Bethe equations (1.5) generally admit many solutions with repeated roots. For s = 1/2
and (at least) N ≤ 14 [26] such solutions do not lead to eigenstates of the Hamiltonian,
i.e. such solutions are unphysical. However, for s > 1/2, there exist “strange” solutions of
the Bethe equations with repeated roots that do produce eigenstates of the Hamiltonian,
i.e. such solutions are physical. Here we discuss simple criteria for determining if a given
solution with repeated roots is physical. We consider separately the cases that the solutions
are singular.
B.1 Strange non-singular solutions
We first consider solutions that are not singular (i.e., do not contain (A.1)) and contain a
repeated root. In the simplest such case, a root µ has multiplicity 2. That is, the solution
has the form
{µ , µ , λ3 , . . . , λM} , (B.1)
where µ , λ3 , . . . , λM are distinct and are not equal to is , i(s− 1) , . . . ,−i(s− 1) ,−is. Fol-
lowing [17, 32], one finds that
t(λ)|µ , µ , λ3 , . . . , λM〉 = Λ(λ, µ, {λ})|µ , µ , λ3 , . . . , λM〉
+
M∑
k=3
Fk(λ, µ, {λ})B(λ)B(µ)
2
M∏
j 6=k
j=3
B(λj)|0〉+G(λ, µ, {λ})B(λ)B
′(µ)
M∏
j=3
B(λj)|0〉
+H(λ, µ, {λ})B(λ)B(µ)
M∏
j=3
B(λj)|0〉 , (B.2)
where Λ(λ, µ, {λ}) and Fk(λ, µ, {λ}) are given by (A.7) and (A.8) with λ1 = λ2 = µ, respec-
tively; and
G(λ, µ, {λ}) = −
1
λ− µ
[
M∏
j=3
µ− λj − i
µ− λj
+
(
µ− is
µ+ is
)N M∏
j=3
µ− λj + i
µ− λj
]
. (B.3)
H(λ, µ, {λ}) =
i
λ− µ
{(
2−
i
λ− µ
) M∏
j=3
µ− λj − i
µ− λj
−
(
2 +
i
λ− µ
)(
µ− is
µ+ is
)N M∏
j=3
µ− λj + i
µ− λj
−i
∂
∂µ
[
M∏
j=3
µ− λj − i
µ− λj
+
(
µ− is
µ+ is
)N M∏
j=3
µ− λj + i
µ− λj
]}
. (B.4)
Hence, besides the “usual” Bethe equations
G(λ, µ, {λ}) = 0 , (B.5)
Fk(λ, µ, {λ}) = 0 , k = 3 , . . . ,M , (B.6)
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the additional constraint
H(λ, µ, {λ}) = 0 (B.7)
is necessary for all the unwanted terms in (B.2) to drop out. Eq. (B.5) implies that the
λ-dependent terms within braces in H(λ, µ, {λ}) (B.4) cancel. Eq. (B.7) can therefore be
rewritten as
∂
∂λ
[
(λ− µ− i)2
M∏
j=3
λ− λj − i
λ− λj
+ (λ− µ+ i)2
(
λ− is
λ+ is
)N M∏
j=3
λ− λj + i
λ− λj
] ∣∣∣∣∣
λ=µ
= 0 . (B.8)
More generally, a root µ can have multiplicity k. That is, the solution has the form
{µ , . . . , µ︸ ︷︷ ︸
k
, λk+1 , . . . , λM} , (B.9)
where µ , λk+1 , . . . , λM are distinct and are not equal to is , i(s− 1) , . . . ,−i(s− 1) ,−is. In
order to derive all the physical constraints, one can proceed as above using the algebraic
Bethe ansatz. A simpler way is based on the observation that the Bethe equations (1.5) are
the conditions for the transfer matrix eigenvalue (A.7) to be finite at λ = λk. Similarly, for
a solution of the form (B.9), the transfer matrix eigenvalue (A.7) becomes
Λ =
(
λ− µ− i
λ− µ
)k M∏
j=k+1
λ− λj − i
λ− λj
+
(
λ− µ+ i
λ− µ
)k (
λ− is
λ+ is
)N M∏
j=k+1
λ− λj + i
λ− λj
. (B.10)
Demanding that Λ be finite at λ = µ leads to the following constraints
∂l
∂λl
[
(λ− µ− i)k
M∏
j=k+1
λ− λj − i
λ− λj
+ (λ− µ+ i)k
(
λ− is
λ+ is
)N M∏
j=k+1
λ− λj + i
λ− λj
] ∣∣∣∣∣
λ=µ
= 0 ,
l = 0 , 1 , . . . , , k − 1 . (B.11)
Together with the usual Bethe equations for λk+1 , . . . , λM , these are the conditions for the
solution (B.9) to be physical. For the case k = 2, Eqs. (B.11) with l = 0 , 1 are equivalent
to Eqs. (B.5), (B.8), respectively.
B.2 Strange singular solutions
We now consider solutions that are singular (i.e., contain (A.1)) and contain a repeated root.
In principle, there are many such possibilities, which should be analyzed individually. For
simplicity, we explicitly analyze here only two such cases.
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B.2.1 s = 1
We first consider the case that s = 1 and the root 0 has multiplicity 2. We order the roots
such that the first three are given by (A.1), and the fourth root is the second 0; i.e.
(λ1 , λ2 , λ3 , λ4) = (i , 0 ,−i , 0) . (B.12)
We assume that the remaining roots λ5 , . . . , λM are distinct and are not equal to ±i , 0; they
satisfy the usual Bethe equations (1.5), which reduce in this case to
(
λk + i
λk − i
)N−2(
λk − 2i
λk + 2i
)
=
M∏
j 6=k
j=5
λk − λj + i
λk − λj − i
, k = 5 , . . . ,M . (B.13)
We regulate this solution as follows
λ1 = i+ ǫ+ c1ǫ
N ,
λ2 = ǫ+ c2ǫ
N
2 ,
λ3 = −i+ ǫ+ c3ǫ
N ,
λ4 = ǫ+ c4ǫ
N
2 , (B.14)
where ǫ is the regulator, and c1 , . . . , c4 are constants (independent of ǫ) that are still to be
determined. Note that the repeated roots are regulated with ǫ
N
2 instead of ǫN . Note also
that the repeated roots are no longer equal once they are regulated; hence, (B.2) should not
be applied.
The generalized Bethe equations (A.13) remain valid for the roots that are not repeated,
namely k = 1, 3. They imply
c2c4 = −
12
(2i)N
M∏
j=5
(
λj − 2i
λj
)
,
c2c4 = −
12
(−2i)N
M∏
j=5
(
λj + 2i
λj
)
, (B.15)
respectively, whose consistency requires
M∏
j=5
(
λj + 2i
λj − 2i
)
= (−1)N . (B.16)
This is the condition for the singular solution (B.12) to be physical.4
4Solutions of the type (B.12) were already considered in [17] (see Eq. (18)). However, a different physi-
cality condition was proposed there (see Eq. (19)). We believe that the latter is incorrect, since it is based
on (B.2), (B.8), which should not be applied to singular solutions.
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We note that the generalized Bethe equation (A.13) for the repeated root (k = 2) is no
longer valid. Indeed, for ǫ→ 0, we observe that 5
|v2(λ, {λ})〉 = c4|w〉+O(1) ,
|v4(λ, {λ})〉 = c2|w〉+O(1) , (B.17)
where |vk(λ, {λ})〉 is defined in (A.6), and |w〉 ∼ ǫ−N/2. Therefore, the unwanted terms in
(A.5) for k = 2 and k = 4 are not linearly independent,
F2(λ, {λ})|v2(λ, {λ})〉+ F4(λ, {λ})|v4(λ, {λ})〉 = [c4F2(λ, {λ}) + c2F4(λ, {λ})] |w〉+O(1) .
(B.18)
This implies the generalized Bethe equation
c4F2(λ, {λ}) + c2F4(λ, {λ}) ∼ ǫ
N
2
+1 , (B.19)
which relates c1 − c3 to c2c4. Imposing the vanishing of the O(1) terms leads to a further
constraint.
B.2.2 s = 3/2
We now consider the case that s = 3/2 and both roots i/2 and −i/2 have multiplicity 2. 6
We order the roots such that
(λ1 , . . . λ6) = (
3i
2
,
i
2
,−
i
2
,−
3i
2
,
i
2
,−
i
2
) . (B.20)
We assume that the remaining roots λ7 , . . . , λM are distinct and are not equal to±3i/2 ,±i/2;
they satisfy the usual Bethe equations (1.5), which reduce in this case to
(
λk +
3i
2
λk −
3i
2
)N−2(
λk −
5i
2
λk +
5i
2
)(
λk −
i
2
λk +
i
2
)
=
M∏
j 6=k
j=7
λk − λj + i
λk − λj − i
, k = 7 , . . . ,M . (B.21)
5We have checked (B.17) explicitly for N = 4 and N = 6.
6This possibility was considered but rejected (prematurely, in our opinion) in [17] below Eq. (20). As
already noted, we believe that (B.11) should not be applied to singular solutions.
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Proceeding as in Sec. B.2.1, we regulate this solution as follows
λ1 =
3i
2
+ ǫ+ c1ǫ
N ,
λ2 =
i
2
+ ǫ+ c2ǫ
N
2 ,
λ3 = −
i
2
+ ǫ+ c3ǫ
N
2 ,
λ4 = −
3i
2
+ ǫ+ c4ǫ
N ,
λ5 =
i
2
+ ǫ+ c5ǫ
N
2 ,
λ6 = −
i
2
+ ǫ+ c6ǫ
N
2 , (B.22)
where ǫ is the regulator, and c1 , . . . , c6 are constants (independent of ǫ) that are still to be
determined.
The generalized Bethe equations F1 ∼ ǫN+1 and F4 ∼ ǫ imply
c2c5 =
8
(3i)N−2
M∏
j=7
(
λj −
5i
2
λj −
i
2
)
,
c3c6 =
8
(−3i)N−2
M∏
j=7
(
λj +
5i
2
λj +
i
2
)
, (B.23)
respectively. In contrast with (B.15), these relations do not immediately yield a consistency
condition analogous to (B.16). Assuming relations similar to (B.17) for the unwanted terms
associated with each set of repeated roots, we obtain
F2(λ, {λ})|v2(λ, {λ})〉+ F5(λ, {λ})|v5(λ, {λ})〉 = [c5F2(λ, {λ}) + c2F5(λ, {λ})] |w〉+O(1) ,
F3(λ, {λ})|v3(λ, {λ})〉+ F6(λ, {λ})|v6(λ, {λ})〉 = [c6F3(λ, {λ}) + c3F6(λ, {λ})] |w
′〉+O(1) ,
(B.24)
which imply the corresponding constraints
c5F2(λ, {λ}) + c2F5(λ, {λ}) ∼ ǫ
N
2
+1 ,
c6F3(λ, {λ}) + c3F6(λ, {λ}) ∼ ǫ
N
2
+1 . (B.25)
These constraints lead to expressions for c1 and c4 in terms of c2c5 and c3c6.
In order to derive the sought-after consistency condition, we need a relation between c2c5
and c3c6 in (B.23), which presumably can be obtained by imposing the vanishing of the O(1)
terms in (B.24). Unfortunately, a direct computation of these terms for the first nontrivial
case (N = 8) is out of reach.
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